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Gaussian Bounds for Correlations
in Lattice Spin Systems
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In quite general N-component ferromagnetic spin systems, it is proved that an
arbitrary correlation function is bounded by the corresponding correlation
function of a Gaussian model. The bound is useful for the analysis of high-tem-
perature behavior of the system. Similar bounds for truncated correlation
functions are also obtained for a class of single-component spin systems.

KEY WORDS: Rigorous inequalities; Gaussian model; clustering properties;
truncated correlation functions.

1. INTRODUCTION AND MAIN RESULTS

The existence of a trivially solvable Gaussian model”’ has produced
unspeakable benefits to the study of spin systems. The Gaussian model
provides us with a qualitatively satisfactory picture of critical phenomena,
and in various systems, one can estimate the deviation from the Gaussian
behavior by suitable perturbative methods. Moreover, many rigorous
results for non-Gaussian systems have been obtained by comparing the
relevant systems with the Gaussian model.*™

Here, for a very general class of ferromagnetic multicomponent spin
systems, 1 prove that an arbitrary correlation function is bounded by that
of a Gaussian model with the same Hamiltonian. And for a class of
single-component spin systems, I prove similar bounds for truncated
correlation functions.

Let 4 be a finite /attice (a set of sites) of arbitrary geometry. To each
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The thermal expectation and the partition function of the system are defined
as

¢y=2""[T] glledl )H dp(--) e (L1)
z={ 11 s(le.l )H do e (1.2)
where
CNE Z (@)

The Hamiltonian is

H=—Y TP Y Higp® (1.3)

X, 0,0 x,i

where interactions {J{)} and external fields {H®"} are arbitrary non-
negative constants. Single-site distribution function g(s) is a nonnegative
valued function defined on 520, which is normalized

N
[ T1 do g(l01?)=1
i=1

and satisfies exp(ks) g(s)—>0 as s— oo for any real constant k. In par-
ticular, we consider the following two classes of g(s).

(i) g(s) is an arbitrary (generalized) function with bounded support,
ie., there exists a positive constant b, and g(s) =0 for s> b. For example,
g(s)=const - (s — 1) defines the classical O(N) Heisenberg model.

(ii) g(s)=const-exp[ —V(s)], where V(s) is a smooth function
satisfying V”(s) =0 for all s> a, where a is a finite constant.> An example is
the N-component ¢* model defined by V(s) =as+ As® (« real, 1>0). We
can also consider any well-defined limit of such g(s).

,,,,,

write

ol= [] (p@) (14)

Then we have the following theorem.

2 This can be satisfied if ¥(s) is a polynomial of s.
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Theorem 1. To any single site distribution function g(s) in class (i)
or (il), and to any positive integer N, there corresponds a positive finite
constant> ¢. Consider the thermal expectation (---)> defined by
Egs. (1.1)~(1.3) with g(s), and the Gaussian thermal expectation {--- »>@°
defined by the same equations with g(s) replaced by const - exp(—s/2¢).
Then for arbitrary index set 4, we have

0= (o) =C9")% (15)
provided that the Gaussian expectation {--->%“ is well defined.

It should be noted that if the spin system (1.1)—(1.3) has a sensible
infinite volume limit,'®” standard convergence argument assures that
Theorem 1 is still valid in the limit.

Theorem 1 (for vanishing external field) was derived by Sokal'® for
N-component spin systems (N=1, 2, 3, 4) where the Gaussian inequalities
are known.* Since his proof relies on the correlation inequalities, it seems
hard to extend the proof to other spin systems, nor to cases with nonzero
external fields.” On the other hand, the present proof applies to quite
general spin systems (arbitrary N, nonzero external field, and almost
arbitrary single-site distributions) since it does not rely on the full
correlation inequalities. Instead it makes use of a version of high-tem-
perature expansion and “single-site Gaussian inequality.” “Single-site
Gaussian inequality’ is a kind of correlation inequality stated in a non-
interacting spin system, and its proof is considerably easier than that of the
usual correlation inequalities. Therefore, the present proof is formally
applicable to a spin system with arbitrary interactions, such as Z,-lattice
gauge theories. But in this case, the corresponding Gaussian model (i.e., the
N =1 Weingarten model'?’) is, unfortunately, always ill defined. "' (See
Remark 3 in Section 3.)

To see how the above theorem works,® consider an N-component
spin system on a d-dimensional hypercubic lattice (i.e., 4 = Z%) with any
single site distribution function g(s) in the classes (i) or (ii). A translation
invariant Hamiltonian is defined by Eq. (1.3) with JU)=J5,._,;, J=0,
and HY = HV>0,

According to Section 3 [Eqgs. (3.6)—(3.8)], we choose a constant ¢, and
define a Gaussian model with a single-site distribution function
exp(—s/2c), and the same Hamiltonian as above. It is easily observed that
this Gaussian model is well defined for J < (2dc) ™" and arbitrary H)>0.

3 Determination of the constant ¢ is discussed in the proof. See Section 3.

* Specific (but stronger) results can be seen in Refs. 8 and 9.

> Sokal also proves Eq. (1.5) for nonzero H, if |4|=3,a.=1 and the system is in the
GHS-class (N=1).
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Thus is this region, we can apply Theorem 1 to bound all the correlations
by the corresponding Gaussian correlations. For magnetization, we have

()
) — ON<
m = <
<(px >-—(26)~1__d‘]
which recovers the mean-field bound for magnetization'>'%*>) in the first
order of H®. This immediately implies that the spontaneous magnetization
is vanishing in this region. Next, if we set H”) =0, all the n-point functions
exhibit the exponential clustering properties

(PP 0y ~0  as |x—x]-o

These two properties imply the following simple lower bound for the
inverse critical temperature

Joz(2de) ™!

For the O(N)-Heisenberg model [g(s)=const' (s —1)], we have [from
Eq. (3.7)] ¢=1/N and the above bound is nothing but the well-known
mean-field bound 7%

J.=Nj2d

Proof of Theorem 1 is given in the following two sections. In Sec-
tion 2, we review a version of high-temperature expansion®?>2!) which is
quite useful for our proof. Then in Section 3 we introduce single site
Gaussian inequality and prove the theorem. In Section 4, we prove bounds
similar to  Theorem 1 for truncated correlation functions
(ot 8> = Lp"9p®> — Lo >{®?) in a class of single-component systems.

2. RANDOM LOOP-RANDOM WALK REPRESENTATION

Here we use an expansion method and interpret our spin system into a
system of (interacting) random loops and random walks [Egs. (2.11),
(2.12)]. For simplicity, we discuss in detail the simplest case with single
component spin variables (i.e., N=1), and vanishing external field (ie,
H,.=0).

Let us expand the exponential functions in Egs. (1.1), (1.2) into the
following Taylor series:

& () n
eluPxPy = Z '77—((%(%)

n=0
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Substituting this expansion into Eq. (1.2), we obtain an expression for the
partition function

If n g(q)x) d(Px H el oxy

xed x,

=3 {H ™ H<m22"“ } 2.1)

{nx}

where in the first summation, each n,, independently runs over non-
negative integers. We introduced single-site expectation

o= gl@) dol-+) (22)

and used a convention n,,=n,,

Since the single-site expectation (2.2) is invariant under the change of
variable ¢ — —¢, the last factor in Eq. (2.1) is nonvanishing only if > n_,
is even for all x. Following Aizenman,*" we regard n= {n,,} as flux num-
bers of a random current on the lattice (see Fig. 1), and define its source set
by

om = {x €A Lz 18 odd}
Then Eq. (2.1) can be written as
- {n AT CoBeno) 23)

on =& xy
° ) ® . . ° ) ')
® . ] ° ) ° ° ° ®
) ° [ ————o ° ° ®
. o————lo ) ) ] ) ) )
. ° == ) ) . ® )

Fig. 1. A random current configuration which contributes to the partition function. Number
of segments on a bond corresponds to flux number #,,,.
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Similarly we can express an arbitrary correlation function by random
currents:

{
nm=é84 \x,y an' X

whz= 3 M ey, (24)

where 94 is a set of sites with odd a,.

For a while, we restrict ourselves to the Gaussian model characterized
by g(s)=const exp(—s/2c). Then the single-site expectation values in
Egs. (2.3), (2.4) can be explicitly evaluated as

(@56 = (2m — D! ¢ (2.5)

Note that the quantity (2m—1)!! represents the number of ways of
dividing 2m objects into m pairs. Accordingly, in the random current
representations (2.3), (2.4), we divide >, n,, currents attaching to site x
into (3, n,,/2) pairs, and regard each two currents in a pair as connected
to each other. If we redefine the summation over the current configurations
to count all the ways of pairing repeatedly, each factor (3, n,.— 1)!! on the
site can be absorbed in more detailed countings as in Fig. 2. Moreover if
we do not distinguish a current from another one on the same bond (ie., if
we look only at the topology of the resulting graph), each factor 1/n,,! on-
the bond also cancels out (see Fig. 3).

Consequently, the expression for the partition function (2.3) of the
Gaussian model can be rewritten in a simple form

z=) 11/0) (2.6)
{1
where the first summation runs over all the possible configurations of
(arbitrary numbers of) random loops. A random loop [ with length |/| =nis
a set of lattice bonds of the form
l= {(x07 xl)e (xla X2),..., (xnfla xO)}

A

Fig. 2. Cancellation of a factor on a site.

(4=l o
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L

Fig. 3. Cancellation of a factor on a bond.

where x; are arbitrary lattice sites (with possible duplications) satisfying
x,#%;,,. Two such sets /' represent the same loop if and only if
x;=x;, (mod k) holds for some k.

The non-negative weight factor f(/) has the simple form

1
fy=JC"x— S SE {0, 1,2,..}

where J'=J, . J, ...~ " Js,_ 5 The symmetry factor 1/2° is not relevant to
the present analysis. (The constant s is nonzero if and only if / is a loop
consisting of duplicated copies of a curve.) Equation (2.6) can be inter-
preted as representing a system of noninteracting random loops.
Introducing a random walk @ with length |w|=# connecting x = x,

and y=x,
w= {(xo’xl) (x1>x2)’ 4] n—la n)}

a correlation function can also be represented by nominteracting random
loops and random walks (Fig. 4)

Z AP 0= Y Y Zﬂfw)ﬂf

all pairings wipi—q {I} i
()q,..l.,xz,,) (i=1,.,n)
({Pl:‘ll}’{.szqZ} ~~~~~ {quM\) (2 7)

where f(w)=J%c!“'*! and the second summation runs over all possible
random walks connecting p; and g¢;.

If we divide Eq. (2.7) by Eq. (2.6), all the contributions from random
loops cancel and we recover the following well-known expression for the
correlation function of the Gaussian model:

<(Px1(px2'”(pxzn>G’C= Z Z Zf(wl)
all pairings wipi—>q; i
(X1yeerrXn) (i=1,...n)

(puat},m{ Pran})

= Y K90, 0% K, 0,0 (2.8)

all pairings
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Fig. 4. A random loop-random walk configuration for correlation function <<px¢ 2

In general non-Gaussian systems, we have no closed expression for
single-site expectations like Eq. (2.5). To execute a combinatorial transfor-
mation similar to that we have done in the Gaussian model, we formally
rewrite Eq. (2.3) as

Zzaz {H (ixy) H(Z” _1)l|c(zznxz/2)}nl<z ”XZ) (2.9)
n=g

X,y xy* x

where ¢ is an arbitrary positive constant, and the extra factor I(m) is
defined by

2m
I(m) = @%—1)—%;’7 (2.10)

Then it is easy to obtain the expressions corresponding to Egs. (2.6) and
2.7).

Z=3, {H fQ) Hl(mx)} (2.11)

{1

Z{Px " P = 2 ) Z{ﬂf(w)ﬂf(l)l—ll x)} (2.12)

all pairings w;:p;—q;i {/}
(i=1,..,1)

where m, denotes the number of currents passing through the site x. It is
very natural to interpret the terms with I(m,) as the interactions between
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the random loops and random walks. In the next section, we argue that for a
suitable choice of the constant ¢, these interactions work to aveid the inter-
sections between loops and walks. Because of these interaction terms, we
have no formula corresponding® to Eq. (2.8).

To complete our discussions on the random loop-random walk
representation, we have to extend the present formalism to multicom-
ponent systems with nonvanishing external field.

To deal with the external field terms, we again expand the exponential:

o Fron
Hypy __ X n
e”*Z‘T%

n=o”-

Here n can be interpreted as a number of external sources which is
graphically represented by “crosses” (Fig.5). Then in the random
loop—random walk representation, there appears a random walk ter-
minated by crosses with extra factor H, and “single-site bubbles” consisting
of 2m crosses and carrying a factor (H?c/2)"/m! (Fig. 6). Correlation
functions of the Gaussian model can again be written in terms of non-
interacting random walks.

® Actually, it is possible to obtain a version of Eq. (2.8) by a further modification of the
present scheme. 2%

X)’( X L oX oX
° ) . o)X
o e X X)O(X
e
X X

Fig. 5. A random current configuration with external field which contributes to the partition
function.
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Xeo- ()?( ___I____.

>
—><
<

6 1
Fig. 6. A random loop—random walk configuration with external field for correlation
function {¢,¢,¢,).

For multicomponent spin systems, we note that the single-site expec-
tation

N
¢ vo=] gllo?) T] do® () (2.13)
i=1
is invariant under ¢ — —¢@¥ for any component i. Therefore, we can
execute the expansions and combinatorial transformations independently in
each component. Consequently we obtain random loops and random walks
running in N different layers and interacting via the factor

T, (‘P(i))zmi)o

N (@mi— 1 e

I({m'}) =

(2.14)

3. BOUNDS FOR CORRELATION FUNCTIONS

We now prove the Gaussian bound for arbitrary correlation functions
(Theorem 1). The basic idea of the proof is to cut off the interactions
between the random walks propagating the correlations and the other ran-
dom loops and walks (Fig. 7).

Mathematically, this cutting off is done by the following single-site
Gaussian inequality.

Lemma 2. To any single-site distribution function g(s) in class (i)
or (ii), and to any positive integer N, there corresponds a positive finite
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*——

[ [

r=g :

Fig. 7. The idea of bounding {¢,9,> by {¢.¢,>%, when N=1 and H,=0.

|

L]

constant ¢. And for the corresponding single-site expectation’ (2.13), we
have

N
<<P(2f> I1 <0<25’>">0§(2mi+ De < I1 so%;’;f> (3.1)

j=1 J=1
for arbitrary m,, m,,..., my=0.

Proof of Theorem 1 given Lemma 2. We discuss the most general
case with arbitrary N and nonzero external fields. First we set the arbitrary
constant ¢ which appears in the definition of I({m'}) [Egs. (2.9), (2.10),
and (2.14)] equal to that determined by Lemma 2. Consider the random
loop-random walk representation of the quantity

ZLpWepB) - M, x;€4, i=1,.,N

J

In this representation, there appear two types of random walks. One con-
sists of “background” random walks whose two ends are terminated by
external field “crosses,” and another type consists of the random walks ter-
minated by (one or two) sites in the correlation function. We suppose that
through a site x, n), currents from random loops, “single-site bubbles,”
and “background” random walks are passing, and n{) . currents from the
second type random walks are passing, respectively, for each component i.
Then applying the single-site Gaussian inequality (3.1) repeatedly at site x,

we get

< H ((p(l))z("(h'u)g +ncorr >
0

i=1

(271(‘) +2n<(::3)rr—1) i 2n
{11 (20, D)1 e keI (o0 )

i=1 i=1

7 Here and in the proof of the lemma, we write ¢, instead of ¢ since we only discuss the
single-site expectation.
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which with Eq. (2.10) implies

I({n3) +ne D SI({nE), D) (32)

corr

Substituting Eq. (3.2) into random loop-random walk representation
{corresponding to Eq. (2.12)], and using the representation for the par-
tition function similar to Eq. (2.11) we obtain

Z<¢QL (m>

- 3 3 @ T [t}

pairings {w},{/},{b}

s o)< % {ﬂf(w’)ﬂf(l)ﬂf(b)gI(né,‘l’g.,x)}

pairings “{w} {o'}.{1}.{6}

pm;gs { ) Hf(w)} xZ

From the formula (2.10) for correlation function of the Gaussian model, we
get the desired Gaussian bound

0< (@) (@™o

(The first inequality is the Griffiths inequality,®*® which is a
straightforward consequence of the expansion scheme of the previous sec-
tion.) J

Proof of Lemma 2. The proof makes use of the standard Fourier

transformation and integration-by-parts method.®** Regarding g(|p|?) as
a function of (¢ )% i=1,.., N, we introduce its Fourier representation

atiof®) = [ 1T dasexp (- 3 i, ) ¢lia})

i=1 i=1

We consider Eq. (3.1) for i=1

N
<‘/’(21> 11 <P<,~'§”>

N N
f [1 do, da; o, H @ exp <_ ) iaiq)?i)) g({a;})
i=1 i=1

i=1
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Executing integrations-by-parts m, times for each component, we have

1

N
:(2ml+1)111 (zmiﬁl)!!J ﬂ o da; 97, H - (2ia,)™

X exp (— i ia,-(pf,-)) g{a;})

i=1
Inserting the identity
~2iatlm —1

1 © e
(2ia)”‘:jo w4 mzh (3.3)

and transforming back to non-Fourier representation, we get

tm,-l

=@m+n 1] (2m,—1)!! | ﬂ dq)mj H o

x o, g({of, +2t})

N tm,—l
:(2;111+1)l‘1]1 (2m,.—1)nj [] d%j [] dt i
X <<P(21)>zz,- g({(p%i)+2ti}) (3.4)

where we introduced single-site expectation modified by ¢:

JTTY  dog glle>+20)(-)

o= JHL do g(lol* +21)

In the next part of the proof, we show that constant ¢ can be chosen to
satisfy

{@}4,>Lc  forany 20 (3.5)

Using this result, we obtain the desired Eq. (3.1)

N
<¢’?l) I C"(zi';">
i=1 0

< @m+1)e ] (2m,— 1)1 | 1 d@,)f 1 .

i=1 i=1 i=1

= (2m1+1)c<n <p(2{;“>

mi—1

etieh+2u))
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The last identity follows from the calculation similar to that used in deriv-
ing Eq. (3.4). 1

Proof of Eq. (3.5) How to determine the constant ¢. We demonstrate
that we can choose a finite constant ¢ satisfying

czmax{{¢},>, 120} (3.6)

We consider two classes of single-site distribution functions separately.

Class i (bounded spin systems). Since g(s) is vanishing for s> b, we
have

' 1 1 fdo g(lel*+21)|ol* _1
205 == |2, == <—(b—2
o =g =y T o gtor 2 =~ %)
Thus max{{¢{,,>,} is bounded by h/N. We can set
c=b/N (3.7)

Class ii {exp[—V(s)] measure}. We will prove that d/dt{¢¢,>,£0
for 1=a/2. (See Section 1 for the definition of the constant a.) Then it is

clear that
max{<{¢f,>, [ 120} =max{{e{,>, |a/22120} <

In particular if a=0 (i.e., ¥"(s)=0 for all s=0), we have

c=<o%) 0 (3.8)
To prove the claimed inequality for the derivative, we note that
d, , . _1d oy _ 2o V(e* +20)1[1] — [o*1[V'(9® +21)]
dt <¢(1)>1“th<((pi >t_‘ _]V [132

where
[]:Jw QDN‘Id(p(...)er((Pzﬁ-Zt)
0

Using two independent variables ¢, ¢ and duplicated expectation

[ 10= [ 0 Hdp gt (o) e o vt

we can rewrite the numerator as
LoV (@* +20)— @’ V' (y2 + 21)]]
=3[L(@* =¥V (9> +21)— V' (y* + 2t)]]
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Since V'(s + 2t) is nondecreasing in s for 1z a/2, the quantity (1/2){[---}]
is non-negative and we obtain the desired inequality. |

Remarks

(1) If g{s) in class (i) can be obtained as a limit of some single-site
distribution in class (ii) with « =0, one should use the formula (3.8) for the
determination of ¢, which is always not worse than Eq. (3.7).

(2) As is clear from the proof, we can consider more general boun-
ded spin systems where g({¢,}) is an arbitrary (generalized) function with
compact support and invariant under ¢, — —@, for any i. This allows,
for example, O(N)-clock models (discrete vector models) and the three-
state Potts model.

(3) In the Ising models with (¢ >,=1, we can use the inequality
1/{2(n+m)— 13N {1/2n— 1)1} {1/(2m—1)!'} instead of Eq. (3.1) to
obtain an improved upper bound in terms of random walks with
1/(2n — 1)U self interactions. This improvement yields well-defined upper
bounds for the loop expectation values of Z,-lattice gauge theories as
well. 29

4. BOUNDS FOR TRUNCATED CORRELATION FUNCTIONS

In the present section, we restrict ourselves to single-component spin
systems (i.e., N=1). The single-site distribution functions in consideration
are the whole of the class (i) and the following subset of class (ii):

(ii)" g(s)=const-exp[ — V(s)], where V(s) is a polynomial of s with
nonnegative coefficients. Again any well-defined limit is also considered.

For any index sets 4 and B, we define a (once-) truncated correlation
function by

(o™ 08> =Lo"9®) —{p" Y o®>

Theorem 3. To any single-site distribution function g(s) in the
classes (i) or (ii)', there corresponds a finite positive constant® & For any
index sets A and B, we have

0=<9" 0" > < {p* p®)%F (4.1)

provided that the Gaussian expectation ¢ - >%° is well defined.

& The constant & is determined in the proof [Eqs. (4.5) and (4.6)]. For spin-1/2 Ising model
gls)=(1/2)6(s—1), we can set E=c=1.
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Theorem 3, for the case of |4| = |B| =1, was also proved by Sokal*
for any single-component system in the GHS-class (ie,
Ellis-Monroe-Newman class®). The present proof, unfortunately, does
not cover whole of the GHS-class.

Again the above theorem is valid in any sensible infinite-volume limit.
Using the theorem, one can prove stronger clustering properties

(p* 9%ty >0 as |yl- oo

for arbitrary values of nonnegative external field if the interaction is suf-
ficiently small (i.e., the temperature is sufficiently high). Here B+ y denotes

{bx-y}xell lf B iS {bx}xeA'

Proof. The proof is done by combining the method developed in the
preceding sections and the standard technique of duplicated variables.

Let {¢,} and {y,} be two independent sets of spin variables.
Duplicated thermal expectation is defined by

C Daup = Zaug) ™ [ T o, b, gl02) g2)(--) e ¥ oD XD (42)

Define as usual®”

Tx=—ﬁ(<px+wx), Qx=-j—5(cox—wx>, xed  (43)

We regard {T,} and {Q,} as the first and second components, respec-
tively, of our duplicated two-component spin system, and are going to
prove the following Gaussian bounds for this system:

0=(TQ%) 4y S<XTHQ% )55 (4.4)
Then using the well-known relation

(o™t 0P =<0 @P — P qup =Y, const(C, D){QT?) gy
C.D

where const(C, D)=0, and noting that the Gaussian model is invariant
under the transformation (4.3), we obtain the desired inequality (4.1).

To prove the asserted bound (4.4), we repeat every step in Sections 2
and 3 for {Q,}, {T,} variables. The only difference is that the single-site
distribution function

g(Q%T%) = g(9®) g(¥?)
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is generally not a function of of Q*+ T% Hence the constant ¢ must be
determined to satisfy

5gmax{<Q2>,,,/ ] [a t,go}
where

_[dQdT g0+ 21, T* +20')(-)
— [dQdT (Q+2t, T>+21')

< >t,t'

For g(s) in class (i), noting that |@| and || are always bounded by a
constant b2, we have

max{<Q2>r,f}§[—\% (b1/2+b1/2)] A

So one can set
c=2b (4.5)

which is, by a factor of 2, worse than the nontruncated case, Eq. (3.7).
For g(s) in class (i), we can again show that (Q*>,,<{Q%>, for
any nonnegative ¢ and ¢. Thus one can set

E=c=<9") (46) &
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